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There is a counter-intuitive expectation proposed by Huse et al [Phys. Rev. B 88, 014206
(2013)], and Chandran et al [Phys. Rev. B 89,144201 (2014)]: Localization protects quantum
order of groundstate even in high excited eigenstates. In this work, we numerically investigate the
localization protection for symmetry–protected–topological (SPT) order by considering a modified
XXZ spin model, related to an interacting Su–Schrieffer–Heeger (SSH) model. We systematically
study how Many–body–localization (MBL) protects SPT for different disorder types and different
forms of interactions. A certain disorder leads the clear degeneracy of the low–lying entanglement
spectrum of each excited many–body eigenstates. This fact indicates that existence of edge modes,
which is a hallmark of the SPT order, is protected by the MBL in excited many–body eigenstates.
In addition, we also report how the MBL protected edge modes in excited many–body eigenstates
fade away for a diagonal type disorder.
Introduction.— Many–body–localization (MBL) is one
of the most active topics in condensed matter physics.
Theoretically, beyond the classical studies of the An-
derson localization [1, 2], rich physical phenomena have
been expected so far [3–9]. Experimentally, recent cold
atom experiments have claimed to capture the ergodicity
breaking dynamics of the MBL [10–13]. On the other
hand, topological state of matter is also one of the im-
portant topics in condensed matter physics. Various ar-
tificial topological states of matter have been realized in
recent experimental systems [14, 15] and theoretical pre-
dictions have been simulated. In this work, we study
the interplay of MBL and topological state. Recently,
Huse et al. [16] and Chandran et al. [17] proposed a
unique conjecture about the Anderson localization and
MBL: A groundstate quantum order is protected even in
excited many–body eigenstates, i.e., the MBL protects
the groundstate quantum order. Shortly after propos-
ing the conjecture, Kjall et al. [18] and Pekker et al.
[19] have tested the MBL induced protection of ferromag-
netic Z2-symmetry breaking order by considering a one-
dimensional (1D) quantum random Ising model. Bahri et
al. [20] have also considered a 1D disordered cluster spin
model as a test model and confirmed the MBL induced
protection of the symmetry–protected–topological phase
(SPT)[21, 22]. This remarkable result indicates that the
SPT order under the MBL could in principle exist out of
equilibrium and hence, cooling to detect the SPT order
in real experiments is unnecessary[17, 23]. Furthermore,
recently, for the 1D disordered cluster spin model, the de-
tailed phase diagram including co-existence of the MBL
and SPT order has been investigated [24]. In addition,
the relationship between the MBL and SPT phase for a
time-reversal symmetric model has been extensively dis-
cussed from the perspective of the matrix product state
[25, 26]. However, the following issues require further in-
vestigation: (I) Does the conjecture stated in [16, 17] hold
universally for various condensed matter models? (II) To
what extent in the whole spectrum does the mechanism
of the MBL protection of quantum order work? (III)
How strong does the quantum order of groundstate re-
main in many–body excited states? In this work, we
consider a modified XXZ spin model relating to the Su-
Schrieffer-Heeger (SSH) model [27], which is one of the
simple models exhibiting 1D non-trivial topological in-
sulating phase corresponding to the SPT order [28], and
numerically investigate the conjecture in [16, 17].
In addition, whether the SPT phase in an SSH type
model or the AKLT model is protected by the MBL re-
mains an open question [17]. Recently, a study [29] indi-
cated that an XXZ model with a particle-hole symmetric
disorder and an SSH-type coupling exhibits no protec-
tion of the SPT phase by the MBL. Here, for various
conditions of disorder and interactions, we numerically
evaluate the protection of the SPT phase and also how
effective the arguments in [29] are.
Modified XXZ spin model and interacting SSH
model.— We consider a 1D XXZ spin model with dimer-
ized coupling:
HXXZ =
∑
i
[
Ji(S
+
i
S−
i+1 + S
−
i
S+
i+1) + UiS
z
i S
z
i+1 + hiS
z
i
]
,
where S
+(−)
i
and Sz
i
are spin–1/2 raising (lowering) oper-
ator and spin–1/2 z-component operator, i denotes lat-
tice site taking i = 1, · · · , L, where L is a system size.
The model parameters are shown in Fig 1 (a), for i ∈ odd,
Ji → J
o
i = J1 + δJ
o
i , for i ∈ even, Ji → J
e
i = J2 + δJ
e
i ,
where δJ
o(e)
i
is a uniform disorder, [−δJ1(2); δJ1(2)], and
hi is also a uniform disorder, [−δh; δh]. Ui is regarded
as an interaction in a fermion picture and in this work
acts only on the i ∈ even links with a strength U . This
interaction pattern Ui may be implemented by consider-
ing a combination of a double well and a spin dependent
optical lattice [30]. Using the Jordan-Wigner transfor-
mation, the XXZ model of HXXZ can be mapped into
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FIG. 1: (a) Modified XXZ spin model with open boundary
condition. The red-dotted circles on either ends represent
the edge sites of the chain. In SPT phase (J2 > J1), the edge
mode appears as free spin–1/2 degree of freedom, correspond-
ing to zero energy excitation (in thermodynamic limit). (b)
Lowest to 20-th energy spectrum for L = 18 system. (c) 81-
th to 100-th energy spectrum with the same parameters as in
(b).
an interacting SSH model [30, 31] with disorder
HSSH =
∑
i
[
Ji(f
†
i
fi+1 + h.c.)
+ Ui(ni − 1/2)(ni+1 − 1/2) + hini
]
,
where f
(†)
i
is an annihilation (creation) spinless fermion
and ni = f
†
i
fi is a number operator. Based on this model,
let us note the topological properties. In the clean limit
and U = 0 non-interacting case, the model belongs to
the BDI class in the topological classification [33, 34]. At
half-filling, the SSH model exhibits a non-trivial topolog-
ical phase. The non-trivial topological phase is known to
be the SPT phase protected by the chiral symmetry. The
SPT phase remains even for a finite Ui [30, 31, 35–37].
The model has time-reversal and particle-hole symme-
try [29], then the interacting SSH model is invariant un-
der the chiral (sub-lattice) transformation, f †
i
→ (−1)ifi,
fi → (−1)
if †
i
[38]. In a disordered case, since δJo
i
and
δJe
i
disorders do not break the chiral symmetry, the
groundstate SPT phase is expected to be fairly robust to
them. In contrast, if the disorder hi is diagonal so that
the chiral symmetry is broken, the groundstate SPT be-
comes fragile. Since the XXZ model of HXXZ inherits
the topological properties of the SSH model ofHSSH [39],
we numerically treat the XXZ model of HXXZ . In what
follows, for all numerical simulations, we fix J1 = 0.1,
J2 = 1, and δh = 0.01[41] except for Fig. 4.
Phenomenology: Localization protects SPT order.—
The studies by Huse et al. [16] and Chandran et al. [17]
state that a quantum order of groundstate in an MBL
system with weak interactions is protected in low en-
ergy excited states. The low-energy excitations above the
groundstate are expected to be localized due to a disor-
der. Since very weak interacting (almost non-interacting)
excitation particles are in Anderson localization, the exci-
tations are suppressed to extend. As a concrete example,
for 1D quantum random Ising model the groundstate is
ferromagnetic. The excitation is a kink (domain wall)
excitation. The excitation kinks are localized owing to
disorder, and therefore, the ferromagnetic domains are
stable. This leads to a spin–glass order even in high ex-
cited eigenstates [18, 19].
The above phenomenon may apply to the model of
HXXZ . For L = even clean system with J1 ≪ J2 and
open boundary, the groundstate of the system exhibits
a valence–bond–solid order in the bulk, where the sin-
glet state is formed on Je
i
–links. The groundstate is in
the SPT phase because on the left and right edge sites
a free spin–1/2 degree of the freedom exists (See Fig. 1
(a)) corresponding to zero–energy edge mode [40]. The
edge modes induce fourfold degeneracy of the ground-
state. Here, let us consider 2J2 = U case and a single
excitation on a single Je
i
–link. The singlet groundstate
on the link excites to three triplet states. The excita-
tion may be regarded as a triplon as in the AKLT model
[17]. In low energy excited eigenstates, such triplon exci-
tations are dominant. If we regard the triplon excitation
as a quasiparticle, the quasiparticles may be localized un-
der a finite disorder. It is expected that the localization
of the quasiparticles does not affect (interact with) the
edge modes, and hence, the edge modes are protected by
localization of the quasiparticles. This means that the
SPT order of the groundstate survives even in excited
eigenstates. Here, under the change of U , disorder type,
and the target sector of the excited eigenstates, it is in-
teresting how the SPT order sustains or not.
In our HXXZ model, we observe a certain typical sig-
nal of the protection of the SPT order by localization.
Using the exact diagonalization [44–47], we numerically
calculated the low energy spectrum for L = 18 system
with open boundary, U = 2, δJ2 = 3 [42], where edge
modes are expected to appears on both sides of the edge.
In the clean system, the groundstate is fourfold degener-
ate. See Fig. 1 (b)-(c), we plot the lowest to 28-th and
the 81-th to 100-th spectrum. We captured fairly four-
fold degeneracy of the spectrum. As observed in the inset
figure in Fig. 1 (b), the deviation is negligibly small de-
spite the existence of the finite size effect. Accordingly,
the edge mode degeneracy seems to be protected in low
energy excited states.
Entanglement spectrum and the degeneracy.— We ob-
tained the signal of the protection of the SPT order from
the spectrum degeneracy. To verify this phenomenon
in detail, we calculate the entanglement spectrum (ES).
Consider dividing the system into two equal halves (A
and B partial system). The ES {Λn
ℓ
} is defined by
Λn
ℓ
= −2 log |λn
ℓ
|, each λn
ℓ
is a singular value of the
Schmidt decomposition for the n-th eigenstate, then the
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FIG. 2: Low-lying entanglement spectrum for low energy excited eigenstates. (a) Lowest and next-lowest entanglement spectrum
in L = 14 clean system with U = 0, where the partial system cut has one free 1/2 spin on the left edge. (b) Lowest and next-
lowest entanglement spectrum in L = 14 disordered system with U = 2 and δJ2 = 3. (c) Lowest to fourth entanglement
spectrum in L = 16 clean system with U = 0, where the partial system cut has two free 1/2 spins on both left and right edges
in the SPT order. (d) Lowest and fourth entanglement spectrum in L = 16 disordered system with U = 2 and δJ2 = 3.
reduced density-matrix of n-th eigenstate is given by
ρn
A
=
∑
ℓ
(λn
ℓ
)2|ℓ〉A〈ℓ|A. In what follows, we assume
that {Λn
ℓ
} is ascending–ordered for ℓ. The degeneracy
of the low–lying ES characterizes the SPT order. It cor-
responds to the number of the edge modes [32]. For an
interacting SSH model in the clean limit, the ES of the
groundstate has been extensively studied to character-
ize the SPT groundstate by the ES [31, 43]. In the clean
limit, we confirmed that the SPT groundstate in the SSH
model ofHSSH with J2 > J1 and open boundary has two
or fourfold degeneracy of the lowest ES depending on the
system size L.
Let us now consider the disordered system. We focus
on effects of δJe
i
disorder in the low excited energy sector,
and therefore, switch off δJo
i
and hi disorders. A periodic
boundary condition is considered. In the calculation of
the ES, we virtually cut the system into two equal halves
with the system size L/2. Here, for L/2 = odd, it is nec-
essary to cut one Joi –link and one J
e
i –link to obtain two
equal halves. If the system is in the SPT phase, the par-
tial system has a single free spin–1/2 edge mode on either
right or left edge sites. This leads to twofold degeneracy
of the lowest ES [31]. Meanwhile, for L/2 = even, we
cut two Jei –links to obtain two equal halves. In the SPT
phase, this leads to two free spin–1/2 edge modes on both
right and left edge sites corresponding to fourfold degen-
eracy of the lowest ES [31]. For L = 14 system with
U = 0 and δJ2 = 0, we first calculated the ES by using
many-body eigenstates from groundstate to 100-th ex-
cited state. The lowest and second lowest ES, Λ1 and Λ2
are plotted in Fig. 2 (a). While Λ1 and Λ2 are degenerate
for the groundstate, Λ1 and Λ2 for many other excited
states are not degenerate. This indicates that the SPT
order vanishes in low energy excited states except for the
groundstate. In contrast, see an interacting disorder case
δJ2 = 3 as shown in Fig. 2 (b). This is a single-shot result
for a particular δJei disorder distribution. Interestingly,
we observed the proliferation of twofold degeneracy of
the ES even in low energy excited eigenstates. As shown
in inset Fig. 2 (b), the deviation of the degeneracy is
negligibly small even in the finite system size. The re-
sult indicates the survival of the edge modes even in low
energy excited states due to δJe
i
disorder. Furthermore,
we also calculated the ES of L = 16 system for a nonin-
teracting clean case in Fig. 2 (c). The lowest to fourth
lowest ES, Λ1, Λ2 Λ3 and Λ4 are plotted. As observed
in Fig. 2 (a), for the groundstate, the fourfold degener-
acy from Λ1 to Λ4 appears, while for many other excited
states the fourfold degeneracy is not observed. However,
as shown in Fig. 2 (d), we calculated the ES for an inter-
acting disorder case δJ2 = 3 and found the proliferation
of the fourfold degeneracy of the ES even in low energy
excited states. This indicates for L/2 = even system the
survival of the edge modes even in low energy excited
eigenstates. Thus, the ES calculation indicates that the
δJe
i
disorder protects the SPT order in the low energy
excited eigenstates.
Further, we investigate how the low–lying ES degener-
acy depends on δJ2 and the regime of excited energy
density. To quantify the degree of the degeneracy of
the low–lying ES, we define the degree of the two or
fourfold degeneracy of the ground ES, for L/2 = odd
system ∆Λ1−2(n) ≡ Λ2 − Λ1, for L/2 = even system
∆Λ1−4(n) ≡ 3Λ1 − Λ2 − Λ3 − Λ4, and then define the
following measure:
O2ES =
1
Ns
∑
n∈NE
θ(ǫ −∆Λ1−2(n)),
O4ES =
1
Ns
∑
n∈NE
θ(ǫ −∆Λ1−4(n)),
where Ns is a number of eigenstate in the target regime
of the spectrum denoted by NE , θ(X) is the Heaviside
function, and ǫ represents a practical numerical criteria of
the degeneracy of the ES [48]. We calculate the disorder–
averaged values of O2ES and O4ES denoted by 〈O2ES〉
and 〈O4ES〉. In the disordered system, 〈O2ES〉 and
〈O4ES〉 can be regarded as an order parameter to charac-
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FIG. 3: The behavior of the ES degenerate order parameters with varying disorder strength δJ2 and an interaction form. The
behavior of 〈O2ES〉 in L = 14 system for the low excited energy sector (a) and for the middle excited energy sector (b) The
behavior of 〈O4ES〉 in L = 12 system for the low excited energy sector (c) and for the middle excited energy sector (d) As a
whole, the interaction U enhances the saturation values of 〈O2ES〉 and 〈O4ES〉 for large δJ2. (e) The effects of an odd-link
interaction U1 for L = 14 system with U = 2, δJ2 = 3 and δJ1 = 0 for the low excited energy sector. (f) Modulated-disordered
interaction case. Ui = 2Ji. L = 14 system with δJ2 = 3 and δJ1 = 0 for the low excited energy sector. For all cases, 10
2
disorder samples were used. Error bars are small and are included in the point labels.
terize the SPT order in the excitation energy parameter
space. Figure 3 shows various behaviors of 〈O2ES〉 and
〈O4ES〉 as varying δJ2 with δJ1 = 0.
See Fig. 3 (a), 〈O2ES〉 is of L = 14 system and we
set NE to 10% excited eigenstates from the groundstate
in all eigenstates. We found that for various U , 〈O2ES〉
increases with the increase of δJ2, and that interestingly
〈O2ES〉 saturates up to ∼ 0.7 for large U . This implies
that almost 70% excited eigenstates in the set of NE
exhibit a single edge mode on the edge site. The low
energy excited eigenstates are fairly ordered in the SPT
order with the increase of δJ2. Furthermore, for large
δJ2, 〈O2ES〉 of large U case tends to be larger than that
of small U . The result indicates that the interaction U
tends to promote the SPT order for excited eigenstates.
We further calculated 〈O2ES〉 with the same condition
but for the middle 10% excited eigenstates in all eigen-
states. Remarkably, 〈O2ES〉 also increases as increasing
δJ2, the saturate value of 〈O2ES〉 is somewhat small com-
pared to that in the low energy excited sector. This in-
dicates that the protection of the SPT order is weak in
the middle excited energy sector. However, interestingly
for the high excited energy sector, the protection of the
SPT order tends to be strong again, although the inter-
action dependence varies. See the supplemental material
[49]. Let us turn on the disorder dependent behavior
of 〈O4ES〉 as shown in Fig. 3 (c)-(d). The results are of
L = 12 system size. The results in Fig. 3 (c)-(d) have the
same tendency as those in Fig. 3 (a)-(b), and therefore,
we expect L/2 = even system to clearly exhibit the pro-
tection of the SPT order in the low of the excited states.
In addition, we checked the system size dependence for
〈O2ES(4ES)〉, see [49].
Other interaction conditions were also calculated. Ef-
fect of the odd-link interaction Ui=odd = U1 is shown in
Fig. 3 (e). Here, other parameters are U = 2 and δJ2 = 3.
As approaching a uniform interaction Ui = U for all i,
〈O2ES〉 is decreasing. The MBL protection is decreas-
ing. The uniform interaction case tends to be close to
the claim in [29]. Second, Ui = 2Ji case was also calcu-
lated as shown in Fig. 3. The parameters are same with
Fig. 3 (e). From the result, as a whole 〈O2ES〉 is smaller
than those of the interacting cases in Fig. 3 (a) and (c).
Our numerics shows that the MBL protection is subtle.
Effects of diagonal disorder and MBL signal.— We in-
vestigated effects of δh disorder. This disorder breaks
the chiral symmetry in the system of HSSH . Hence, we
expect that this disorder strongly affects the edge mode
in the SPT order and that the SPT order tends to van-
ish with a certain strength of δh. Figure. 4 (a) shows
a typical δh dependence of 〈O2ES〉 for L = 14 system
with δJ2 = 3, δJ1 = 0. For the low and middle sec-
tor of the excited energy, 〈O2ES〉 decreases with the in-
crease of δh in various U . There is no clear spectrum
phase transition, but a crossover towards the conven-
tional MBL without the SPT order is observed. The
protection of the SPT is fairly robust, which is almost
suppressed at δh ∼ 1, comparable to J2 energy scale.
We also calculated effects of δJ1 disorder and obtained a
global phase diagram [49]. In addition, we investigated
the stability of MBL. To characterize the MBL for each
excited eigenstates, we employ the average level spacing
ratio 〈r〉 [8, 50, 51]. Particularly, to obtain the clear be-
havior of 〈r〉, we focused on the
∑L
i=1 S
z
i = 0 sector in
the Hilbert space and on the middle excited eigenstates
[50]. In the calculation of 〈r〉, consider the spectrum
{Ei} (in ascending order). Each level spacing in {Ei}
is given as rk = [min(δ(k), δ(k+1))]/[max(δ(k), δ(k+1))],
where δ(k) = Ek+1 − Ek, and then the value of 〈r〉 is
obtained by averaging over disorder samples. From the
value of 〈r〉, we can estimate localization in the target sec-
tor of the excited eigenstates: For the MBL, 〈r〉 ∼ 0.386,
corresponding to the Poisson random matrix ensemble.
The results of 〈r〉 are shown in Fig. 4 (b)-(c), where we
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FIG. 4: (a) δh dependence of 〈O2ES〉 for L = 14 system with
J1 = 0.1 and J2 = 1. Error bars are small and are included in
the point labels. (b) δJ2-dependence of the average gap ratio
〈r〉 for the middle excited energy sector. (c) δh-dependence of
the average gap ratio 〈r〉 for the middle excited energy sector.
For all results, we averaged over 102 disorder samples.
employed L = 16 system. Figure. 4 (b) is δJ2-dependence
of 〈r〉 for a finite moderate δh case (δh = 0.01, 0.1 and
0.2) and U = 2. For small δJ2, 〈r〉 takes ∼ 0.53 the
signal of an extended state, corresponding to Gaussian
orthogonal ensemble [50, 51], and with the increase of
δJ2, the values of 〈r〉 approach ∼ 0.386. δJ2-disorder in-
duces MBL, i.e., MBL is exhibited when the eigenstates
turn into the SPT order as increasing δJ2 from zero [52].
Figure. 4 (c) displays δh-dependence of 〈r〉 with δJ2 = 3.
Even in varying δh where the SPT order is suppressed
in excited eigenstates, the MBL signal 〈r〉 ∼ 0.386 re-
mains. This indicates that during the crossover behavior
in Fig. 4 (a), the MBL sustains.
Conclusion.— For a simple modified XXZ model, we
numerically investigated the MBL protection of the SPT
phase. We found that for a certain interaction pattern,
the MBL clearly protects the SPT order in many–body
excited eigenstates. However, a uniform interaction sit-
uation and the diagonal disorder weaken the tendency
of the MBL protection. Although the limitation in this
work is the small system sizes accessible to exact diago-
nalization, our results indicate that the SPT order in the
XXZ model possibly appears even in high temperature
or out of equilibrium.
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7Supplemental Material
DEGENERACY OF THE ES IN HIGH EXCITED
EIGENSTATES
In the main text, we observed the MBL induced protec-
tion of the edge mode in the low and middle excited en-
ergy sector. Here, let us observe the protection behavior
for in the high excited energy sector. Figure S1 shows var-
ious behaviors of 〈O2ES〉 and 〈O4ES〉 as varying δJ2 with
J1 = 0.1, J2 = 1, δh = 0.01, and δJ1 = 0. We set NE
to 10% excited eigenstates below the highest eigenstate
in all eigenstates. See Fig. S1 (a), 〈O2ES〉 is of L = 14
system with J1 = 0.1, J2 = 1. As same with the low and
middle excited energy sector, we found that for various U ,
〈O2ES〉 increases with the increase of δJ2. However, com-
pared with Fig. 3 (a)-(b) in the main text, the interaction
U does not enhance 〈O2ES〉 for large δJ2. This tendency
is also true for the behavior of 〈O4ES〉 with L = 12 sys-
tem as shown in Fig. S1 (b). As a whole, the protection
of the SPT in the high excited energy sector is stronger
than that of the middle excited energy sectors. There-
fore, the MBL protection tends to be somewhat strong
at band edges compared to the center of the band.
FIG. S1: The behavior of the ES degenerate order parameters
in varying the disorder strength. (a) The behavior of 〈O2ES〉
in L = 14 system for the high excited energy sector. We used
102 disorder samples. (b) The behavior of 〈O4ES〉 in L =
12 system for the high excited energy sector. We used 102
disorder samples. For the calculation of 〈O2ES〉, ǫ = 0.1 and
for the calculation of 〈O4ES〉, ǫ = 0.2. Error bars are small
and are included in the point labels.
FINITE SYSTEM SIZE EFFECTS IN THE
BEHAVIOR OF THE ENTANGLEMENT
SPECTRUM DEGENERACY
We show a typical system size dependence of the degener-
acy of the ES. We calculated 〈O2ES〉 and 〈O4ES〉 for var-
ious system size. The definition of 〈O2ES〉 and 〈O4ES〉 is
shown in the main text. We set the parameters J1 = 0.1,
J2 = 1, U = 2, δJ1 = 0, δJ2 = 3 and δh = 0.01, where the
system exhibits the MBL protection for the SPT phase
and we used the lowest 10% many-body eigenstates. The
result is shown in Fig. S2. Here, L =8,10,12,14 and 16 sys-
tems were employed. When the system size is increased,
the decrease in the value of 〈O2ES〉 and 〈O4ES〉 seems
small. This fact indicates that the ES degeneracy char-
acterized by a finite value of 〈O2ES〉 and 〈O4ES〉 survives
for fairly large system size.
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FIG. S2: System size dependence of the degeneracy of the ES.
The number nearby the labels represents the number of the
disorder samples. The red line is a fitting line determined by
all data. The red line is 0.1502 ln(1/L) + 0.9201
δJ2 AND δh DISORDER PHASE DIAGRAM
In the main text, we observed the δh disorder depen-
dence of 〈O2ES〉 with δJ2 = 3. Here we observe effects of
δJ1 disorder by calculating a global phase diagram. We
employed L = 10 system with J1 = 0.1, J2 = 1, U = 2,
and δJ2 = 3, set NE to 10% excited eigenstates from
the groudstate in all eigenstates, and calculated 〈O2ES〉
by averaging over disorder samples. The result is shown
in Fig. S3. For small δh, the δJ1 disorder does not sup-
press the value of 〈O2ES〉 so much. In contrast, the δh
disorder more suppresses the value of 〈O2ES〉. Therefore,
the MBL protection of the SPT order are fairly robust
to effect of the δJ1 disorder. It is natural because the
δJ1 disorder does not break the chiral symmetry of the
system of HXXZ and therefore the SPT order is hardly
affected.
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FIG. S3: δJ2 and δh disorder phase diagram. We used 10
2
disordered samples.
